The linear Schlömilch's integral equation is an important and useful equation in atmospheric and terrestrial physics. The equation and its solution have been used for some ionospheric problems. It can also be considered as a special type of Fredholm integral equation of the first kind. This correspondence allows one to use the mathematical tools available for solving Fredholm integral equation of the first kind. In this article, we provide an alternative closed-form expression for solutions of the linear and the nonlinear Schlömilch's integral equation in terms of the well-known gamma function. Some elaborate examples are provided to demonstrate the simplicity and applicability of the proposed formulae.
Introduction
Many physical processes can be expressed mathematically as a Fredholm integral equation of the first kind. The Schlömilch's integral equation is one example. It is an important and useful equation in atmospheric and terrestrial physics. For the derivation and applications of the equation in physics, we refer the reader to [1] [2] [3] [4] [5] [6] [7] . The standard linear Schlömilch's integral equation has an unknown function with a complicated argument and admits the following form:
It's been shown that this equation provides a solution which has the following form:
where the derivative is taken with respect to [1] [2] [3] [4] .
There are more methods to deal with Fredholm integral equation of the second kind than the first kind. Therefore, when seeking for a solution of a first kind integral equation, it is almost a standard approach to try to convert it into a second kind. This is usually done by using some regularization or iterative methods. In [6] , the author used the regularization method introduced independently by Tikhonov [8, 9] and Phillips [10] to transform the Schlömilch's integral equation to a second kind integral equation, and then applied the Adomian decomposition method [11, 12] to obtain the solution. In [4] , the authors introduced a new iterative procedure in order for converting the integral equation to a form that is suitable for applying the Adomian decomposition method. In [5] , the authors proposed a new method based on the fractional order of the Chebyshev functions. However, all approaches require a great deal of calculation even for some uncomplicated data function .
We aim to obtain a simple formula which provides the solution for Schlömilch's integral equation when the data function has a special form. We also investigate the relation between the gamma function and the solution of the Schlömilch's integral equation. The results in this article include closed-form expression for solution of standard, generalized, and nonlinear Schlömilch's integral equation. In addition, numerical examples are provided to show the ability and simplicity of the method. The organization of the article is as follows: In section 2, we provide some basic concepts which will be needed for the subsequent sections. In section 3, we introduce a method of solution for The final section presents a conclusion for this work and a direction for future studies.
Review of Basic Concepts
Before delving into the details of the proposed method, we want to set up some preliminary consepts which will show up throughout the article.
Definition 1.
when this integral converges [13] .
Theorem 2. [13] For each • exists and is finite, • , and
• for
Theorem 3. (Wallis' Product [15])
The gamma function crops up in many areas of physics, engineering and applied mathematics. It plays a significant role in the theory of differential equations. It is used both in finding and expression of solutions of many differential equations. Not surprisingly, it plays an important role in the theory of integral equations as well. One of the aim of this article is to establish the connection between the solution of Schlömilch's integral equation and the gamma function.
Method of Solution
In what follows, we investigate standard, generalized, and nonlinear Schlömilch's integral equation, respectively.
The Linear Schlömilch's integral equation
We consider the following Schlömilch's integral equation:
( 
Theorem 4.
is a polynomial function of degree if and only if the solution of (1.1) is a polynomial function of the same degree.
It is important to notice that (1.5) has a special value. The reader may have also noticed that it is this integral that was used by John Wallis in obtaining his celebrated product formula for . For more information on this, we refer the interested redears to [14, 15] and the references therein. Furthermore, it is related to the gamma function. To be more precise, the coefficients can also be obtained from the following formula:
This formula is just a simple consequence of relation between the gamma function and the integral of powers of the sine function. So, when is a polynomial function, the solution is readily available and it can be expressed in terms of the gamma function.
Example 1.
Consider the following Schlömilch's integral equation [4] :
The equation (1.7) is of the form of (1.1). Since and , from the theorem 4, we directly obtain the solution. That is, Alternatively, one can use (1.6) to obtain It can easily be verified that is a solution of (1.7).
Example 2.
Consider the following Schlömilch's integral equation [6] :
The equation (1.8) is of the form of (1.1). Since , and , from the theorem 4, we directly obtain the solution, namely, Alternatively, one can use (3.6) to obtain
It is easy to verify that is a solution of (3.8).
We aim to extend the foregoing idea further and obtain a similar formula for other types of Schlömilch's integral equation. For instance, in some cases, the Schlömilch's integral equation can also appear as (1.9)
To handle this type of equations and express their solutions as a simple formula, we use a simple change of variables. That is, letting transforms (1.9) to (1.10)
Notice that upper limit of integration is now This will introduce a new term in the formula.
Theorem 5.
If is a polynomial function, i.e; and then is a solution of (1.9), where and for and .
Proof:
The proof is similar to that of theorem 4.
A few remarks are in order.
Remark 1.
The case where implies that the solution cannot have odd power of monomials.
Remark 2.
If the data function involves components of odd power and , then the solution of the form cannot be achieved.
We want to note that the above coefficients can be expressed in terms of the gamma function as follows:
(1.11)
Example 3.
(1.12)
The equation (1.12) is of the form of (1.9) with .
Since , and , from the theorem 5, we directly obtain the solution. That is, Alternatively, one can use (1.11) to obtain
It is easy to verify that is a solution of (1.12).
Example 4.
Letting , (1.13) becomes which is of the form of (1.1). Since , and
, we have
It is easy to verify that is a solution of (1.13).
The Generalized Schlömilch's integral equation
The generalized Schlömilch's integral equation has the following form:
(1.14)
We are investigating the solution of the form for
Theorem 6.
If is a polynomial function, i.e;
, then is a solution of (1.14), where for , is the same as defined in (1.4).
Proof:
Example 5.
(1.15)
The equation (1.15) is of the form of (3.14) with Since , and , from the theorem 6, we directly obtain the solution. That is, Alternatively, one can use (1.6) to obtain By using , it is easy to verify that is a solution of (1.15).
Example 6.
The equation (1.16) is of the form of (1.14) with .
Since , and , from the theorem 6, we directly obtain the solution, namely, Alternatively, one can use (1.6) to obtain By using , it is easy to verify that is a solution of (1.16).
The Nonlinear Schlömilch's integral equation
We consider the nonlinear Schlömilch's integral equation which has the following form:
( It can easily be verified that is a pair of solution of (1.20).
Conclusion
The Schlömilch's integral equation is an important and useful equation in atmospheric and terrestrial physics. In this study, we establish a connection between the solution of various kind of Schlömilch's integral equation and the wellknown gamma function. In other words, we obtain an alternative formula to the solution of Schlömilch's integral equation. In order to compare the results and to show the simplicity of the proposed formulae, some examples are chosen from [4, 6] . For a future study, we aim to extend the results obtained in this article further and to establish a similar connection for less restrictive data functions.
